Quantum heat transfer is analyzed in nonequilibrium two-qubits systems by applying the nonequilibrium polaron-transformed Redfield equation combined with full counting statistics. Steady state heat currents with weak and strong qubit-bath couplings are clearly unified. Within the two-terminal setup, the negative differential thermal conductance is unraveled with strong qubit-bath coupling and finite qubit splitting energy. The partially strong spin-boson interaction is sufficient to show the negative differential thermal conductance. Based on the three-terminal setup, that two-qubits are asymmetrically coupled to three thermal baths, a giant heat amplification factor is observed with strong qubit-bath coupling. Moreover, the strong interaction of either the left or right spin-boson coupling is able to exhibit the apparent heat amplification effect.
I. INTRODUCTION
Understanding mechanism and efficient manipulation of heat energy at nanoscale is of fundamental significance in the scientific community [1] [2] [3] [4] [5] . One long-standing goal is to establish basic units of functional thermal devices for the implementation of heat transport and information processing [6] [7] [8] [9] [10] . Many theoretical models have been proposed for thermal operations, ranging from the thermal diode [11] [12] [13] [14] , thermal transistor [6, [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] , thermal memory [7, 25, 26] and even thermal computer [8] . And tremendous experiments were conducted to realize these novel thermal operations [27] [28] [29] [30] [31] [32] . In particular for the thermal transistor, negative differential thermal conductance (NDTC) and heat amplification are considered as two key ingredients [4, [33] [34] [35] .
The NDTC was originally exploited in nonlinear phononic lattices coupled to two terminals by B. Li and his colleges [6] , where the heat current shows suppression by the increase of the temperature bias between thermal baths. Based on the NDTC, the heat amplification was also exploited within the three-terminal phononic setup. Consequently, these concepts have been extensively investigated in various quantum thermal transistors. Particularly for the quantum dots, the capacitively Coulomb interaction allows the electronic fluctuation to transfer heat, and the asymmetric Coulomb blockade is crucial for the NDTC [16, 23] . For the Josephson junctions, the coherent phase modulates heat transport between superconductors, and the analogous singularity-matching-peak effect originates the NDTC and heat amplification [20, 36, 37] . While for the near-field thermal transistor, a tiny change around the critical temperature of the insulator-metal transition material dramatically reduces the flux into the drain [17] .
Recently, the quantum thermal transistor was theoretically unravelled in the nonequilibrium spin-boson models [38] [39] [40] . Specifically, in the qubit-qutrit system, proper energy of the qutrit is crucial for the realization of thermal transistor effect [41] . In resonant three-qubits systems, the NDTC and giant heat amplification factor were observed both in weak and strong coupling regimes [19, 42] , which are attributed to the three-terminal cooperative processes. Moreover, the strong spin-boson interaction is unravelled to be crucial to exhibit these far-from equilibrium features [42] . While for the nonequilibrium two-qubits system, in which the steady state heat transport has been preliminarily investigated [43, 44] , the NDTC and heat amplification is still lack of exploration, particularly in strong system-bath coupling regime. Based on the two-qubits system we raise questions: (i) can the NDTC be found with strong qubit-bath coupling within the two-bath setup? (ii) what is the role of the strong coupling on the NDTC? Moreover, considering the analysis of heat flow in the two-qubit system asymmetrically coupled to three-thermal baths [45] , can we observe heat amplification effect with strong qubit-bath coupling?
In the present paper, we investigate steady state quantum heat transfer in nonequilibrium two-qubits systems in Fig. 1 , by applying the nonequilibrium polaron-transformed-Redfield equation (NE-PTRE) [46] [47] [48] combined with full counting statistics (FCS) [49] [50] [51] , detailed at Sec. II. The NE-PTRE can be reduced to the Redfield and noninteracting blip approximation (NIBA) schemes with weak and strong system-bath couplings, respectively. At Sec. III A, the NDTC is analyzed based on the two-terminal setup, and the mechanism of the NDTC is proposed in strong qubit-bath coupling limit. Moreover, the partially strong qubit-bath interaction is sufficient to exhibit the NDTC. At Sec. III B, the heat amplification is analyzed within the three-terminal setup, and the strong interaction of either the left or right qubit with the corresponding thermal bath can exhibit the dramatic heat amplification effect. Finally, we give a summary at Sec. IV.
II. MODEL AND METHOD
In this section, we first describe the nonequilibrium twoqubits model. Then, by applying the polaron transformation !"
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FIG. 1: (Color online) Schematic illustration of quantum thermal transfer in two-qubit systems driven by (a) two thermal baths (square panels with temperatures TL and TR) with I the heat flow and (b) three thermal baths (square panels with temperatures TL h , TL c and TR) with IL h(c) and IR heat currents. The circles describe two-level qubits with horizontal solid lines the qubit energy levels, the wavelike curves show the interaction between thermal baths and qubits system, and the double-arrowed brown lines describe the inter-qubit coupling.
we derive the nonequilibrium polaron-transformed Redfield equation to analyze the dynamics of qubits density matrix. Next, we obtain the expression of steady state heat flux by combining the NE-PTRE and full counting statistics. Under the thermodynamic bias of thermal baths, the steady state heat transfer can be exploited.
A. Nonequilibrium two-qubits model
The nonequilibrium two-qubits system consists of two coupled two-level-system (TLS), each interacting with an individual thermal bath in Fig. 1(a) . The two-qubits model is described asĤ
where U is the inter-qubit coupling strength, the Pauli operators are expressed asσ 
kvb kv stands for the vth noninteracting bosonic bath, withb † kv (b kv ) creating (annihilating) one phonon with energy ω k , ε v is the qubit splitting energy, ∆ v is the tunneling strength and g kv is the coupling strength between the vth qubit and the corresponding bath. The vth thermal bath is typically characterized by the spectral function
Here, we specify the spectral function as super-Ohmic form J v (ω) = πα v ω 3 e −ω/ωc /ω 2 c , with α v the qubit-bath coupling strength and ω c the cutoff frequency of the bath, which has been extensively included in the quantum energy transfer [48, 52, 53] . It is well-known that the spin-boson model was initially proposed to analyze the dissipative dynamics of quantum systems [38] , and later extended to the nonequilibrium regime to analyze the quantum thermal transfer [39, 44, [54] [55] [56] [57] [58] [59] [60] [61] .
From Eq. (2), it is known that qubits linearly interact with thermal bath. Hence, to capture the multi-phonons effect in thermal transfer processes, we apply a canonical transformation ("polaron transformation") to obtain the modified HamiltonianĤ ′ =Û †ĤÛ [62] [63] [64] , where the unitary operator isÛ = exp (i vB vσ v z /2) , with the collective phononic momentumB v = 2i k (g kv /ω kb † kv − g * kv /ω kbkv ). Then, the modified system Hamiltonian is given byĤ
, where the transformed qubits Hamiltonian iŝ
where the renormalization factor η v = cosB v is specified
Moreover, the modified qubit-bath interaction is given bŷ
By expanding the interaction terms at Eq. (4) asσ
, it is easily found that multiple phonon effect is now explicitly included in heat transfer processes.
B. Nonequilibrium polaron-transformed Redfield equation
We apply the nonequilibrium polaron-transformed Redfield equation, one type of quantum master equation, to study the dynamics of qubits density matrix. Traditionally, the qubit-bath interaction at Eq. (2) is directly perturbed to obtain the Redfield equation, which is proper for weak qubitbath coupling [39, 54] . While for NE-PTRE, it has been intensively applied in quantum heat transfer and heat engines [46] [47] [48] . By perturbing the modified qubit-bath interaction at Eq. (4), we are able to analyze dynamical behaviors in the broad coupling region. Specifically, based on the Born approximation, the total density matrix in the polaron framework is decomposed asρ tot (t)≈ρ s (t)⊗ρ b , wherê ρ s (t) is the reduced density operator of qubits andρ
Tv } is the equilibrium distribution operator of thermal baths. Moreover, by considering the Markovian approximation, the NE-PTRE is obtained as
where the projecting operators areσ
and the correlation functions are given by
with the propagating phase of phonons
and the Bose-Einstein distribution function
The transition rate Γ 
, as the vth qubit is excited(relaxed) with energy gap ω, it simultaneously absorbs(emits) two phonons with energy ω 1 and ω − ω 1 from(to) the vth bath.
In previous works of nonequilibrium spin-boson model, the NE-PTRE was found to unify steady state behaviors in the weak and strong qubit-bath coupling limit, respectively [47, 48, 65] . Here, we note that in the two-qubits system the NE-PTRE can also find such correspondence. Specifically, in the weak coupling regime (|g k,v /ω k | 2 ≈0), the renormalization factor becomes η v ≈1. Hence, the qubits Hamiltonian is simplified asĤ
And the lowest order of transformed qubit-bath interactionV Eq. (5) after long-time evolution can be reduced to
with the density matrix element ρ nn = φ n |ρ s |φ n , the energy gap (9) is equivalent with the Redfield equation at Eq. (A5) (see appendix A for the detail).
While in the strong qubit-bath interaction regime (|g k,v /ω k | 2 ≫1), the renormalization factor becomes η v ≈0. Hence the qubits Hamiltonian is simplified aŝ H 
It should be noted that though η v ≈0, η 2 v e Qv(τ ) will be kept as a finite value. Consequently, NE-PTRE at Eq. (9) is reduced to the nonequilibrium NIBA limit at Eq. (B3) (see appendix B for the detail).
C. Steady state heat current
We combine NE-PTRE with FCS to count the heat flow into thermal baths [47, 51] . FCS is considered as a powerful method to investigate the full information of current fluctuations, which was initially proposed to analyze the charge fluctuations [49, 50] . For the nonequilibrium spin-boson system, FCS has been extensively applied to study quantum heat transport at steady state or driven by the geometric phase [65, 66, 68, 69, 71] . Generally, by employing a twotime measurement protocol during the time interval [0, t], the generating function to characterize heat transfer is expressed as [70] 
χ v is the counting field parameter to count energy into the vth bath,ρ tot (0) is the initial density operator of the whole system, and the operatorÂ(t) in the Heisenberg representation iŝ
, the generating function can be re-expressed as
where the generalized propagators areM −χv (t) = e
. Then, the cumulant generating function at steady state can be obtained as
Consequently, the nth-order current cumulant is given by
In particular, the lowest-order cumulant is the heat current
Therefore, once we obtain the dynamics of the counting-field dependent density matrix of the qubits system, we are able to obtain full information of current fluctuations. Then, we apply FCS to study the heat transfer in twoqubit system. The counting-field dependent Hamiltonian
, where the sub-Hamiltonian iŝ
. Following a similar procedure, the total density matrix is decomposed aŝ ρ χ tot (t) =ρ χ (t)⊗ρ b . The counting-field dependent NE-PTRE is obtained as
where the modified transition rates are
and the correlation functions are
As the counting field parameter vanishes, the dynamical equation at Eq. (17) is reduced to the standard version at Eq. (5).
Now, based on the definition of generating function at Eq. (10) and current fluctuations at Eq. (12), it is ready to analyze the steady state heat transfer by applying the dynamics of qubits density matrix at Eq. (17) . In the following, we simplify system parameters as ∆ v = ∆, ε v = ε. Here, the first question we should answer is: does the heat current derived from the counting-field dependent NE-PTRE unifies the results based on the Redfield and nonequilibrium NIBA schemes? In Fig. 2 , it clearly demonstrates that both at resonance (ε = 0) and off-resonance (e.g., ε = 1), heat currents perfectly bridge the weak and strong coupling results. Therefore, it is safe to apply the NE-PTRE in a wide qubit-bath coupling regime to analyze nonequilibrium steady state behaviors.
III. RESULTS AND DISCUSSIONS

A. Negative differential thermal conductance
Negative differential thermal conductance (NDTC), as analogue of the negative differential conductance in electronics, traditionally describes the process that heat current is suppressed by increasing the temperature bias in a two-terminal setup [6] . It has been extensively applied to investigate quantum thermal transport in phononics [4] . However, the NDTC is less exploited for nonequilibrium two-qubits systems.
Here, we first analyze the NDTC in a biased two-qubits model by tuning qubit-bath coupling within the NE-PTRE in Fig. 3(a) . For the weak coupling case (e.g., α = 0.05), It is shown that the normalized heat current I/I max (α) becomes monotonically enhanced by tuning the temperature bias ∆T . As the coupling strength is enlarged, the NDTC appears and finally becomes significant (e.g., α = 5). Hence, we conclude that the NDTC exists in the strongly-coupled two-spin-boson model. To give a comprehensive picture of the NDTC under the modulation of the temperature bias and the coupling strength, we plot Fig. 3(b) . It is found that at the strong coupling regime (α 0.5) the I/I max (α) shows the turnover behavior, corresponding to the NDTC.
In previous works with strong qubit-bath coupling, it is known that the single qubit is unable to exhibit the NDTC [47] . While for the three-qubits case, the NDTC is clearly shown [42] . Therefore, considering the result obtained in the present paper with the two-qubits system, we conclude that multi-qubits and strong qubit-bath interaction are necessary conditions to generate the NDTC. It should be noted that the current conclusion is limited to such (qubit-qubit and qubit-bath) interactions of the Hamiltonian at Eq. (1) and Eqs. (1-2) in Ref. [42] . While for other kinds of quantum spin systems, the NDTC can also be unravelled with weak qubitbath coupling, e.g., quantum thermal transistor [19] and spin seebeck transistor [71] [72] [73] .
The mechanism of NDTC
Next, we try to provide some insight into the underlying mechanism of the NDTC in strong qubit-bath coupling limit. It is known that with strong coupling the nonequilbrium NIBA can at least qualitatively describe heat transfer processes. Under the condition ε v = ε, the steady state heat current can be approximately expressed as (see Eq. (B8) at appendix B)
where the coefficient A is
which is invariant by exchanging the subindex L with R. κ
v and the transition rate is given by
with the energy gap is
, it is clearly shown that the heat current is contributed by two loop currents 4U κ
Then, we analyze the heat current in two limiting temperature bias regimes to exploit the NDTC. For the low bias ∆T ≪T 0 , the heat current is approximately expressed as
Moreover, the term κ
R /A is nearly constant, shown with blue-dark dashed line with circles in Fig. 4(c) . Hence, I NIBA is proportional to ∆T , which is exhibited with black solid line. While for the large temperature bias ∆T ≈2T 0 , i.e. T L ≈2T 0 and T R ≈0, The transition from | ↓↓ to | ↓↑ assisted by the right bath is significantly suppressed(κ 43 R ≈0), which is schematically demonstrated in Fig. 4(a) and also exhibited in Fig. 4(b) . It is mainly attributed to the fact that phonons are difficult to excite in low temperature limit(T R ≈0). Hence, the loop current 4U κ Fig. 4(c) . Similarly, the loop current
L is also blocked, due to the monotonic suppression of the transition rate κ shown here). Therefore, we conclude that the heat current is strongly suppressed by the large temperature bias. Combining the linear increase of the current in the linear response regime and dramatic suppression at large temperature bias, the heat current should exhibit the turnover feature, which is the signature of the NDTC. It should be noted that the analysis of the origin of the NDTC is approximate based on the nonequilibrium NIBA.
Partially strong qubit-bath interaction exhibits NDTC
Next, we raise the question that whether the strong coupling between the vth qubit and the corresponding thermal bath is sufficient to induce the negative differential thermal conductance? By setting the weak left qubit-bath coupling (e.g., α L = 0.05) in Fig. 5(a) , we investigate the influence of the right qubit-bath interaction in the steady state heat current. It is interesting to find that in strong coupling regime of α R , the NDTC also appears. Thus, the strong coupling between the right qubit and bath is sufficient to exhibit the NDTC. To give a comprehensive picture of the NDTC, we plot Fig. 5(b) . It is found that as α R 1.2, the NDTC can be observed by tuning the temperature bias. Hence, partially strong qubit-bath interaction is sufficient to exhibit the NDTC.
B. Heat amplification
Heat amplification, the key ingredient of quantum thermal transistor, shows a power to dramatically amplify heat flow via a tiny change of one terminal current within a three-terminal setup [6] . It has been exploited in nonequilibrium threequbits systems with both weak and strong qubit-bath coupling cases [19, 42] . In Fig. 1(b) , the amplification factor can be expressed as Considering the energy conservation v=L h ,Lc,R I v = 0, the factor relationship with the L h and L c terminals can be established as
where the phase θ = 0 as ∂I Lu /∂I R > 0 and θ = 1 as ∂I Lu /∂I R < 0. Traditionally, the thermal transistor is able to work as β Lu > 1. Here, we focus on the amplification effect in a two-qubits system, asymmetrically coupled to three thermal baths (see the derivation of the dynamical equation at appendix C). We first investigate the influence of the qubit-bath interaction in the heat amplification factor β L h by tuning T R in Fig. 6(a) . In the weak coupling regime(e.g., α = 0.05), β L h is below the unit, which implies the breakdown of heat amplification. While in strong coupling regime (e.g., α = 5), it is interesting to observe a giant amplification factor in comparatively low temperature regime around T R ≈0.5, and is dramatically suppressed as qubits is driven away from this critical temperature regime. Moreover, in Fig. 6 (b) the heat current into the Rth bath shows nonmonotonic behavior with strong coupling by modulating T R . From the definition of β L h at Eq. (22), it is understandable the amplification factor becomes divergent at the turnover point of I R (∂I R /∂T R = 0). Therefore, we conclude that strong qubit-bath coupling is able to exhibit the significant heat amplification effect.
Next, we try to find out separately that whether the strong coupling of left two thermal baths or the right bath exhibits the generation of the heat amplification. In Fig. 7(a) with weak left qubit-bath couplings, it is interesting to find that the heat amplification occurs with strong coupling between the right qubit and corresponding bath. While in Fig. 7(b) with strong left qubit-bath couplings, a giant amplification factor is shown even at weak right qubit-bath coupling case (e.g., α R = 0.1). Hence, we conclude that strong coupling either from the left qubit-baths or right counterpart results in the heat amplification effect. It should be noted these results are different from the previous work of nonequilibrium three-qubits system [42] , where the strong coupling from the thermal baths with moderate temperature (corresponding to T R in Fig. 1(b) ) is necessary to exhibit the amplification effect.
IV. CONCLUSION
To summarize, we study the quantum thermal transfer in the nonequilibrium two-qubits system, by applying the nonequilibrium polaron-transformed Redfield equation combined with full counting statistics. The heat current is unified in a broad coupling regime, which reduces to the Redfield and NIBA schemes in weak and strong interaction limits. The negative differential thermal conductance is investigated within the two-terminal setup in Fig. 1(a) , and the NDTC occurs with strong qubit-bath coupling and large temperature bias, which clearly answers the first question raised in the introduction. The underlying mechanism is exploited based on the expression of the heat current at Eq. (19) . Moreover, by setting the weak left-qubit coupling, it is interesting to find that the NDTC sustains in strong right qubit-bath coupling regime. This clearly demonstrates that the partially strong qubit-bath interaction is sufficient to show the appearance of the NDTC. Next, we analyze the heat amplification effect within the three-terminal setup in Fig. 1(b) , where two qubits are asymmetrically coupled to three thermal baths. A giant heat amplification factor is clearly observed in strong qubit-bath coupling regime with comparatively low temperature of the Rth bath, which is the answer for the second question in the introduction. It is tightly related with the turnover behavior of the heat current into the Rth bath. Moreover, it is discovered that either the strong interaction of the left qubitbath interactions or the right counterpart can exhibit such significant amplification effect. We hope these findings can provide some insight into designing the functional thermal transistor in coupled-qubits systems. The two-coupled spin-boson system is expressed asĤ =
, where the qubits Hamiltonian is given byĤ
the vth thermal bath isĤ
, and the systembath interaction iŝ
To count the energy flow into the right bath including full counting statistics, the total Hamiltonian is changed tô
Considering the weak qubit-bath interaction, we perturb the system-bath interaction at Eq. (A2) up to the second order. Then, based on the Born-Markov approximation the Redfield equation is given by
where the commutating relation is [Â χ ,B χ ] χ =Â χBχ − B χÂ−χ . In the eigen-basis {|φ n } withĤ s |φ n = E n |φ n , the dynamical equation of the system density matrix element is given by 
Moreover, from Fig. 8 it is known that off-diagonal elements becomes negligible at steady state. Hence, the Redfield equation after the long time evolution is reduced to
Finally, the steady state heat flux is given by
Then, we briefly discuss the absence of the NDTC within the Redfield scheme in Fig. 9 . We first define the transition current from the population in the eigenspace P n to P m as
mn P m , and the net transition current J nm = J n→m + J m→n . With the weak qubit-qubit coupling(e.g., U = 0.1 in Fig. 9 ), it is found that J 14 and J 23 are negligible. Thus, the heat current can be simplified as
By increasing the temperature bias, the contributing net currents at Eq. (A7) show monotonic increase, resulting in the enhancement of the J Redfield . Hence, J Redfield will not exhibit the NDTC. Following the similar treatment in Sec. II (B), after the polaron transformation the system Hamiltonian is given bŷ
and the system-bath interaction is
with the collective phonon momentumB
. By applying the full counting statistics, the counting field dependent qubit-bath interaction is changed to
. Consequently, the quantum master equation is given by
where the transition correlation function is
Specifically, the population dynamics in local basis
where P χ i = φ i |ρ χ |φ i the counting field dependent transition rates are κ ij v (χ) = e iEij χ κ ij v , and the standard transition rates are
Consequently, the heat current is expressed as
Under the condition ε v = ε, the steady state populations in absence of the counting field parameter are given by
And the current is simplified as
From Fig. 3 , it is known that the NDTC occurs with finite qubit splitting energy with strong qubit-bath coupling. Here, we analyze the influence of the splitting energy on the steady state heat current in Fig. 10(a) . At resonance (ε = 0), the Normalized heat current shows monotonic enhancement by increasing temperature bias (∆T ) without the NDTC. From the Eq. (B8), the heat current is contributed by two loop currents Fig. 10 , it is found that the second component
L is strongly suppressed by increasing ∆T , which enhances the difference between two loop currents. Hence, I NIBA exhibits monotonic behavior. Next by turning on ε (e.g., ε = 0.5, 0.8), it is found the NDTC finally occurs. Therefore, we conclude that qubit splitting energy is necessary to show the NDTC in the nonequilibrium two-qubit system. Then, we study the effect of quibt-qubit interaction on the heat current in Fig. 10(b) . It is found that by increasing the repulsion strength U , the behavior of NDTC is suppressed accordingly, and completely vanished with strong repulsion strength(e.g., U = 0.8). With strong qubit-qubit repulsion, the current
R is apparently enhanced by increasing ∆T , whereas Fig. 10(d) . It finally contributes to the monotonic increase of I NIBA .
Appendix C: Heat current in two-qubits asymmetrically coupled to three thermal baths
The two qubits system asymmetrically coupled to three thermal baths, which is shown in Fig. 1(b) , is modeled aŝ
The system Hamiltonian is given bŷ
The vth thermal bath is described asĤ
and the Rth qubit-bath interaction iŝ
Then, we apply the full counting statistics to count the heat flow into the vth thermal bath aŝ
where the counting parameter set is {χ} = (χ L h , χ Lc , χ R ), V Lu (χ Lu ) =σ 
where the unitary operator is given byÛ {χ} = exp{i[( uB Lu (χ Lu ))σ The system-bath interaction is given bŷ and the counting-field dependent correlation functions are
where the correlation phase is
Finally, the cumulant generating function after a long time evolution is given by Z({χ}) = lim t→∞ 1 t ln Tr{ρ {χ} (t)}, and the steady state heat current into the vth bath is
Comparing the dynamical equation of qubits density matrix at Eq. (C10) with two-terminal case at Eq. (17), it is interesting to find that two equations are almost identical except expressions of the transition rates related with left bath(s) Γ 
where κ ij R is identical with the counterpart at Eq. (B5). Then, we briefly discuss the nonmonotonic behavior of I R with strong qubit-bath coupling in Fig. 6(b) . From Eq. (C14), it is known that I R is composed by two components E 12 (κ 12 R P 1 − κ 21 R P 2 ) and E 34 (κ 43 R P 4 − κ 34 R P 3 ). Both show nonmonotonic features by increasing temperature T R , shown in Fig. 11 . In particular, the gap between two current components is first enhanced in the regime T R ∈(0.2, 0.5), and then decreases in the regime T R ∈(0.5, 1.5). This directly results in the turnover behavior of I R by tuning the temperature T R .
